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AT THE CENTRAL POINT 
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Abstract. Using the mollifier method, we show that for a positive proportion 
of holomorphic Hecke eigenforms of level one and weight bounded by a large 
enough constant, the associated symmetric square L-function does not vanish 
at the central point of its critical strip. We note that our proportion is the 
same as that found by other authors for other families of L-functions also 
having symplectic symmetry type. 



1. Introduction 

A recurring theme in the theory of L-functions is the study of whether or not an 
L-function vanishes at its central point (the point of symmetry of the L-function's 
functional equation). One may be interested in this question if the central value 
is expected to be a special value, as in the case of the L-function associated to 
an elliptic curve over a number field, for which the Birch and Swinnerton-Dyer 
Conjecture predicts that the order of vanishing at the central point is the same as 
the rank of the elliptic curve. Even if the central value of the L-function under study 
is not expected to be a special value, the question of non-vanishing is connected 
to deep conjectures on the distribution of the L-function's zeros. The following 
type of problem is usually formulated: given a suitable collection of related L- 
functions ordered by analytic conductor, how much of this family is non-vanishing 
at the central point? A great deal of work has been done on this problem for 
many families of L-functions, of which only a small selection will be referenced in 
the course of this paper. Here we study the problem for a family of degree three 
L-functions: symmetric square L-functions lifted from classical cusp forms. 

Let Hk denote the set of holomorphic cusp forms / of level one and weight k 
which are eigenfunctions of every Hecke operator and have Fourier expansions of 
the form 

oo 

(1.1) /(z) = ^a / (n)n^e 2 -- 

n=l 

for 9(z) > with a/(l) = 1. The coefficients a/(n) are necessarily real and satisfy 
the Ramanujan-Petersson bound |a/(n)| < d(n), where d{n) is the divisor function. 
The set Hk has A + 0(1) elements and forms an orthogonal basis of the space of 
cusp forms of level one and weight k (see [5]). For SR(s) > 1 we can define the 
symmetric square L-function associated to / € Hk as the absolutely convergent 
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Dirichlet series 

(1.2) i(SjSym 2 /)=c(2s) ^^i. 

n=l 

In terms of the Rankin-Selberg L-function of /, we have L(s, sym 2 /) = ^( 2s )^(s,/®/) ^ 
The symmetric square L-function has the degree three Euler product 

(1.3) L( S ,sym 2 /) = J^ 1 - a f (p 2 )p- s + a f (p 2 )p- 2s - p^y 1 ■ 

p 

Shimura [16] showed that L(s,sym 2 /) analytically extends to an entire function on 
C and satisfies the functional equation 

(1.4) Loo(s)£(s, sym 2 /) =1^(1- s)L(l - a, sym 2 /), 

where 
(1.5) 

L^is) = 7r-i s r(2±i)r(2+|^i)r(^) = n-i s+ h 2 - s - k r(^)r( s + k-i). 

Thus under our normalization the central point is s = ^. We also see from the 
functional equation that the conductor of L(s, sym 2 /) in the weight aspect is k 2 . 
Gelbart and Jacquet [J] showed that L(s, sym 2 /) is actually the L-function attached 
to a cusp form on GL(3). 

There is no trivial reason for L(s, sym 2 /) to vanish at s = 4; that is, the func- 
tional equation does not force L(i,sym 2 /) to equal zero. There seems to be no 
non-trivial reason either, as L(i,sym 2 /) is not known to be a special value. By 
this general principle and by the Density Conjecture, which we discuss in the next 
section, it is conjectured that L(i,sym 2 /) is never zero. Indeed it would be a 
great achievement to prove that for a positive percentage of the family Hf. we have 
L(^,sym 2 /) 7^ 0. We do not solve this problem here but settle for something 
weaker. We show a positive percentage of non-vanishing on a larger family: es- 
sentially 1J K<k<2K Hk for large K. We are in the standard situation where the 

fc=0 mod 2 

ratio of log(conductor) to log(family size) is 1, while this ratio is 2 in the case of a 
family of an individual weight. In a different direction, Blomer [T] has considered 
symmetric square lifts of cusp forms / of prime level N, real primitive nebentypus 
and fixed weight (so that the ratio log(conductor):log(family) is 1). He showed 
that for large N, we have L(i,sym 2 /) 7^ for a positive proportion of this family. 
However he did not compute an explicit proportion. 
For any complex numbers a/ depending on /, let 

. . ■c^h 2ir 2 \ at 

<L6) £. Q, =^§.«fl- 

denote the 'harmonic' average of a/. The weights L(l,sym 2 /) -1 arise naturally 
from the Petersson trace formula. Note that feH k 1 = 1 + 0(2~ k ) by the trace 
formula. Our main theorem is 



Theorem 1.1. Let h be a positive valued, infinitely difjerentiable and compactly 
supported function on the positive reals. We have for any < a < i fixed and large 
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enough K , 



ii) E* 1 a ('-Trip) £ 



^ ViiV ^ -V (1 + a) 3 / ^ \KJ ^ ' 

fe=0 mod 2 feH k y ' k=Q mod 2 /Sflfc 

i(i, SS /m 2 /)#0 

For the rest of the paper, let us fix a function h satisfying the conditions of the 
theorem. Thus taking a arbitrarily close to ^ and counting harmonically, we have 
that at least || > 70% of our family is non- vanishing at the central point. The 
reason for the theorem's presentation of the constant of proportionality in terms of 
a parameter a rather than just the best numerical value will be explained. 

We expect the same theorem to hold if we replace the sums ^ by uniform sums 
p^-y We have only worked with harmonic sums here, but it would be interesting 
to remove the weights L(l,sym 2 /) -1 . A method to do this was described in [ID] , 
With less work, one can get a smaller but explicit uniform proportion of non- 
vanishing from our result using just the Cauchy-Schwarz inequality and moments 
of L(l,sym 2 /). 

1.2. The Katz-Sarnak Philosophy. In this section, we discuss a few instances 
relevant to our paper of the so-called Katz-Sarnak philosophy. Since the discovery of 
a connection between zeros of the Riemann Zeta function and eigenvalues of random 
matrices by Montgomery [T3j and Dyson [3] in the 1970's, there has been a lot of 
work by many authors studying the distribution of zeros of i-functions in families. 
The conjectures stemming from this work (and the proofs in function field settings 
by Katz and Sarnak 9i) suggest that the distribution of zeros near the central point 
of a family of L-functions is the same as the distribution of eigenvalues with small 
argument of a corresponding classical compact group. Here we are concerned with 
the group USp(2N) of 2N x 2N complex matrices which are both unitary and 
symplectic. 

In [7], Iwaniec, Luo, and Sarnak studied the one-level density distribution of the 
low-lying zeros of some GL(2) and GL(3) families of L-functions. Their work yields 
non- vanishing results conditional on the Generalized Riemann Hypothesis for these 
families. Therefore, let us assume the GRH throughout this section even though 
some other results of their paper are unconditional. For the the symmetric square 
family {L(s, sym 2 /)|/ £ -fffc}, denote a zero of L(s, sym 2 /) by \ + «7/, where 7/ is 
real. Let T be a slowly growing function of k, say T = 0(log k) . The number of zeros 
of L(s,sym 2 /) counted with multiplicity with imaginary part between zero and the 
short height T is asymptotic to cT log k for some constant c. Let 7/ = 7/clogfc so 
that the average spacing between these normalized zeros is 1. Define for an even 
Schwartz class function </>, 

(1.7) £(sym 2 /,0)=^(7/). 

7/ 

To get an understanding of the fine behavior of the zeros near the point s = h , we 
would like to evaluate the average of D(sym 2 /, <j>) over the family for cj> with 
arbitrarily small support. Investigating this problem, Iwaniec, Luo, and Sarnak 
proved that for WuSp (x) = 1— sl " 2 ^ a: ' > , we have 

(1.8) £(sym 2 f,0)~ f d>(x)W USp (x)dx, 
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as k — > oo provided that cf>, the Fourier transform of <f>, is supported on the interval 
{—\, \ )- The condition on <fi is very restrictive and does not permit taking <f> with 
finite support. The Density Conjecture claims that (|1.8p holds without restriction 
on <j). With an extra averaging over the weight the same result is found for a larger 
class of test functions. Assuming the GRH for Dirichlet L-functions as well, the 
three authors proved that 

(°) j? E nn E ^( s y m V,0) ~ / <Kx)w USp (x)dx, 

4<k<K ' fe l feH k ^ R 
fc=0 mod 2 

as K — > oo provided that <j> is supported on the interval (—§,§)■ Notice that one 
expects a repulsion of zeros from the central point: when |x| < e for a small positive 
constant e, we have 1 — ""^^ <C e 2 and so J^ e Wusp{x)dx <C e 3 . 

What is amazing is that Wjjsp is the same function which occurs on the Random 
Matrix Theory side. A matrix A 6 U(2N) has N pairs of complex conjugate 
eigenvalues e l9A on the unit circle, counted with multiplicity. Let 9a — —@a so 
that the average spacing between the normalized angles is 1. Katz and Sarnak 
showed that for an even Schwartz class function (j) we have 

(1.10) / Y j <p(9 A )dA~ f cf > (x)W USp (x)dx, 

JUSp(N) g A JM 

as N — > oo, where dA is Haar measure. 

Another family that is found to be symplectic is the family of degree one qua- 
dratic Dirichlet L-functions L(s, ( — )) for d odd and squarefree with X < d < 2X. 
This was first shown by Ozluk and Snyder [14j . For another example, consider the 
set of degree two L-functions attached to 'odd' primitive cusp forms / of weight 2 
and prime level q. By odd we mean that at the central point, the functional equation 
of L(s, f) reads L(^, /) = —L(h, /). Thus in the family of such Hecke L-functions, 
it is trivial that L(^, /) = 0. This family is found to be of type SO(2N + 1), with 
corresponding density function 

(1-11) W S 0(2N+1) = $0 + W US p(2N)- 

Above Sq is the Dirac delta function, which occurs because every (unitary) matrix 
in SO(2N + 1) has 1 as an eigenvalue. In this case it is clearly more interesting to 
study the non- vanishing of the derivative L'(s, /). Since L'(s, f) vanishes precisely 
when L(s, /) has an additional zero at s = |, we have by the relation (jl.lip that 
the family of derivatives is of symplectic type. 

Let us now apply the density formula (|1.9[) to the non- vanishing of the symmetric 

square L-function at the central point. For the simple choice of 4>(x) — ( ^ 

where v > 0, we have (f)(0) = 1, <p(x) > 0, and cf> supported on (— v, v). With this 
test function we have from (11.91) that 



( L12 ) IF W~\ Yj ord s= i L(s, sym 2 f) < f <j ) {x)W U sp{x)dx. 



4<k<K 1 "> feH 
k=Q mod 2 
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Using the fact that the order of vanishing of L(s,sym 2 /) at s — | must be even 
from the sign of the functional equation, it follows that for a proportion of at least 

of the family {L(s, sym 2 /)|/ £ [J K<k<iK -Hfc} for large enough K we have that 

k=6 mod 2 

L(i, sym 2 /) is nonzero. Thus taking v = | the proportion | is gotten conditionally 
on GRH in [TJ. Actually a slightly better answer is also found by optimizing the 
choice of (p. 

Similarly for the quadratic Dirichlet L-function family above, by taking v = 2 
in (|1.13[) . Ozluk and Snyder conditionally showed that for large X at least y| of 
the family is non- vanishing at the central point. For the third family, of odd Hecke 
L-functions, again it was conditionally obtained in |7j that when q is large enough, 
for at least y| of the family we have L'(f, i) ^ 0. In all three examples, the Density 
Conjecture implies a proportion of 1 by taking v arbitrarily large. 



1.3. The mollifier method. We prove Theorem 11.11 using the mollificr method, 
a technique which goes back to Bohr and Landau and was used by Selberg [15] 
to show that a positive proportion of the non-trivial zeros of the Riemann Zeta 
function lie on the half line. Let us begin by observing that in principle we can 
recover the distribution of the values L(^,sym 2 /) for / 6 H% from asymptotics for 

Y^ 1 feH k -Mi ' svm2 /)" f° r all n e N. However our knowledge of these moments is 
very limited. For the first moment it is known (see [T^]) that 

(1.14) ]T h L(i,sym 2 /)~logfc. 

feH k 

For the second moment we have the conjecture 
Conjecture 1.4. For some constant c, 

(1.15) ]T' l L(i, S j/m 2 j-) 2 ~ C (logfc) 3 . 

feH k 

Even the upper bound feH k , sym 2 /) 2 <§; k e is not established. The difficulty 
of this conjecture is what brings us to take an extra averaging over the weight. We 
shall show 

E h (jc) E' 1 L(\^f) = KP h {\ogK) + 0{K% 

k=0 mod 2 f£H k 

(1.16) h(^)Y^ L{^sWff = KQ h (\ogK) + 0(K') 1 

k=0 mod 2 f£H k 

where Ph and Qh are degree one and degree three polynomials respectively which 
depend on h, and e is an arbitrarily small positive constant. This shows that the 
average value of sym 2 /) is proportional to log -fT, and we would like to be able 
to conclude that a lot of values of , sym 2 /) are not zero. However in this way we 
cannot rule out the possibility of many values of L(|, sym 2 /) being zero and some 
being very large. In fact, a comparison of the main terms of the first and second 
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moments shows that there are fluctuations in the size of L(^, sym 2 /). Nevertheless 
by the Cauchy-Schwarz inequality we get that 

(1.17) 

k \ ^ _ (E te0 mod 2 J2 h f eH k i(i sym 2 /)) 2 



fc=0mod2 ^ f£H k Efc=0 mod 2 Mjr) E /eij fc ^( 5 1 Sym 2 /) 2 

L(± : sym 2 /)^0 

> (log iTr 1 if. 

Thus we get that for a proportion of (logK)^ 1 of Hecke cusp forms of weight less 
than K, we have L(|> sym 2 /) 7^ 0. This however is 0% and we can improve upon it 
by using the mollifier method. With the power savings in the error terms of (|1.16p . 
there is room to find a little more than the second moment. Define a short Dirichlet 
series, called a mollifier, 

(1.18) M(f) = £ ^Ip, 

r<K« V 

where a > is a constant and coefficients to be chosen. Since the non- 

vanishing of L(i, sym 2 /)M(/) implies the non-vanishing of L(i,sym 2 /), we have 
as before, 



(1.19) 



fc=0 mod 2 



i > (E^o mod 2 M£) EV, L(l, sym 2 /)M(/)) 2 
^ " E^o mod 2 Hi) E h f eH k L(h sym 2 /) 2 M(/) 2 



L(±,sym 2 /)^0 

We shall compute the mollified moments in terms of the coefficients x r and then 
carefully choose x r to maximize this ratio. This choice of M{f) dampens or mollifies 
the large values of L(^, sym 2 /), so that the square of the first moment and K times 
the second moment are comparable. Thus we will get that L(^,sym 2 /) is not zero 
for a positive percentage of our family. In fact we will show that for an optimal 
mollifier of length K a , where recall that K 2 is the size of conductor of our family, 
we get a proportion of 1 — (1 + a)~ 3 . Our methods enable us to take a < |. 

Soundararajan [17) proved using the mollifier method that for at least g of 
positive odd square- free integers X < d < 2X we have L(h, ( — )) ^ when X is 
large enough. Taking a mollifier of length (^/X) a , where X is the size of conductor 
of any quadratic Dirichlet L-function in this family, he obtained a proportion of 

1 — (1 + a)~ 3 and was able to take a < 1 to get his result. Kowalski and Michel 
[llj studied the non- vanishing of L'(f, 1) for odd primitive cusp forms / of weight 

2 and prime level q. Taking a mollifier of length ( v / ?) a , where q is the conductor 
of L'(s,f) and a < h (which the authors remarked can be improved to a < 1), 
they showed that for large enough q we have that L'(f, i) ^ for a proportion of 
1 — (1 + a)~ 3 of this family. Thus our result supports the belief that these three 
different families of L-functions share the same distribution of low lying zeros. In 
fact, from a family's symmetry type one can make predictions using the Ratios 
Conjecture about non- vanishing by the use of mollifiers (see [2]). 

Being able to take a mollifier M(/) of length K a is roughly comparable to being 
able find the (2 + 2a) th moment of L(^, sym 2 /) on average over the weight. Taking 
(j) of support (— v, v) in the density formula (|1.9|l is comparable to finding the (2v) th 
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moment of L(^,sym 2 /) on average over the weight. Thus we can make a heuris- 
tic connection between a and v, with v corresponding to a + 1. In this way, our 
proportion of non-vanishing of is the unconditional analogue of the conditional 
proportion | of [7] . Similarly, the unconditional proportion | of the other symplec- 
tic families considered above compares with the conditional proportion j|. Notice 
also that the proportions | and || are quite good- this can be explained by the re- 
pulsion of zeros that is expected at the central point in the symplectic family. This 
may be compared with the orthogonal family considered in [8] , where a proportion 
greater than i is sought, but not quite achieved, to show that Landau-Siegel zeros 
do not exist for Dirichlet L- functions. 



2. The first twisted moment 

In this section we find the first moment of L(i,sym 2 /) twisted by a Fourier 
cocffiecient a/(r 2 ) on average over k. This will yield the first mollified moment. 

Theorem 2.1. For r < K 2 ~ e we have 
'k - T 



V 



^ V K 

k=0 mod 2 f£H 



Hh sym 2 f)a f (r 2 ) =^= f°° h(u) ( \og(uK/r) + c)du 



+ 0{r*K e ), 



where C is an absolute constant, e > is an arbitrarily small positive constant and 
the error term depends on e and h. 

Let us adopt the following convention throughout this paper: e will always de- 
note an arbitrarily small positive constant, but not necessarily the same one from 
one occurrence to the next. Any implied constants may depend implicitly on h 
and e, unless otherwise indicated. Before proving this theorem we will need some 
preliminary results. 

2.2. Petersson trace formula. We will need the Petersson trace formula: 



DC 



S(n,m;c) / Air^/mn 



(2.1) a fip)a f {m) = S m<n + 2m k ]T ^ ° } J k -i ( 

feH k o=i 

where the value of 5 mtn is 1 if m = n and otherwise, S(n, m; c) is a Kloosterman 
sum, and Jk~i is the J-Bessel function. 

2.3. Approximate functional equation. While the Dirichlet series expansion of 
-L(s,sym 2 /) given in (|1.2[) is only valid for 5R(s) > 1, we can use a standard tool 
of analytic number theory called an approximate functional equation to express 
L(i,sym 2 /) as a weighted Dirichlet series. From property (|2.4[) below, the terms 
of this series are only significant for n < fc 1+£ , so that the length of the Dirichlet 
series is essentially equal to the square root of the conductor. We will use Stirling's 
approximation: logT(z) = (z — i) log z — z + i log V2n+J2™=i c n z~ 2n+1 + O m (z~ m ) 
when | arg z \ < tt — e for some constants c„ . 



Lemma 2.4. Approximate functional equation We have 

af(n 2 )- 

1 

n 2 



(2.2) L (I )S2/m 2 /)=2 ^Mjiy fc(n); 



n>l 



s 
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where for any real £ > and A > 0, 



1 f £00(3 +y) / . n , r,„.-,t-v d V 



(2.3) v k (0 = — / 7^.^ (1 + 2y)C v - 

2m J(A) £00(3) V 

is real valued and satisfies, 
(2.4) 

'k\ A 
(2.5) 

V]f\£) <a,s ^(7) , /<"" any A > and integer B > 0. 



Vfc(0 <A /or any A > 0. 



(2.6) 

\4(0 = 3( lo g( fc /0 + C) + o(|) , w/iere C = 2 7 - - log 2 



31o g7 r , o , r'(f) 



2r(|)' 



FFe a/so Ziawe that 

2^7(^4) V H y 

3 r( — +-) 

for any A > 0, where G(y) = n~^ v 2^ y r %N 4 exponentially decays on vertical 
Zines. 

Proof. Define for — i < c < |, 

1 /" r/l , „ 2^^00(5 + ?/)^ 



(2-8) 1(c) = -L / L(I +2/ ,sym 2 /) : 

27TI 7 (c) 



£00(3) y 



where the integral is taken from c — ioo to c + ioo and converges absolutely because 
the integrand decays exponentially as |5(y)| — ► 00. In the range 5R(y) > — 5 
the integrand has a simple pole at y — with residue L(^,sym 2 /). Thus by 
Cauchy's theorem we have 7(|) — /(— 5) = -^(^sym 2 /). Using the functional 
equation (| 1 .4|) and a change of variables we have 7(— |) = —/(a) and so we get 
that L(§,sym 2 /) = 7(§) + 7(|) = 27(f). At U(y) = § we can use the Dirichlet 
series expansion ()1.2j) to get 



( , 9) = m±0i^±yl ^ = E ^ Vt(n) , 

where we implicity exchanged summation and integration by absolute convergence. 
This establishes (j2~2l . 

For = 4we have by Stirling's estimates that 

(2.10) L °°(h + y) <<; |r ( 3^)| r (fc + ^-^ <<A \ n ^)\k A . 

This implies (12. 4p . We obtain (|2.5p by first differentiating Vfe(£) and then using 
Stirling's estimates. To get (|2.6p we move the line of integration of Vk(£) to = 
— 1, crossing a double pole at y = 0. The main term (|2.6p is the residue from this 
pole and the error is given by Stirling's estimates. 
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Let us turn to (|2~71) . We have ^^t? = G(y) T{ ^ k ^\ ] . For 3(y) < k e it follows 
from Stirling's estimates that ^Irj^r = fcy ( 1 + OA(fc" 1+e )) = W> + A {k A - 1+£ ). 



Since 



r(fc 

— ^rv^i-f ' k A and Gfy) is exponentially decreasing on 

vertical strips, we can restrict the integral in to ^s(y) < k' with an error 

of A {{k/i) A e - k '). Taking A = e we get V k (0 = ^ / (e) G(y)^^ (j^dy + 
0(£ _£ fc~ 1+c ). The line of integration can be moved any A > to get (|2.7p . □ 

2.5. An average of the J-Bessel function. We have the following standard 
estimates: |Jfc-i(i)| < 1 for all t > 0, J k -i(t) ~ T ^(t/2) k - 1 for t < k 1/2 ~ e and 
Jfc_i(t) - (| t)- 1 / 2 cos(t - |fc + f ) for t > fc 2+e . The long term behavior of the 
J-Bcssel function manifests itself when we average over fc: 

Lemma 2.6. We have for t > 0, 

(2.11) 

K 



fc=0 mod 2 



.^( e -«/ 8e .. s (^)) +0 (_L£„.| i( „ ) | <i „), 



where h(v) — ^/^^ e mv du and h denotes the Fourier transform of h. The 
implied constant is absolute. 

Proof. We refer to [51 Lemma 5.8] for the full proof. It is shown there that the sum 
we want equals 

(2.12) 2 J2 H h 1 i L )Jk-i(t)-2 Y, Mtt)"W*) 

k=0 mod 4 k=2 mod 4 

/oo 
Kh(Kv) sin(£ cos 27iv)dv 
-oo 

Kh(Kv) sin(t - 2n 2 tv 2 )dv + C>( / tv 4 K\h(K v)\dv^ , 



-2 



— oo 



where the last line follows by writing cos 27rw = 1 — 27r 2 v 2 + 0(w 4 ). We have written 
the main term as it appears in [JJ Corollary 8.2]. □ 

We have that h(v) <C 1 and by integrating by parts several times we get that 
Ji(v) <C_b v~ B for any B > 0. Thus the main term of (|2.11j) is not dominant if 
t < K 2 ~\ 
Define 

(2.13) W K (n, m, v) = f V^'WW'W^^ 

\J2hu 



o 
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By lemma l2~6l we have 
(2.14) 

J2 2i k h{^-)v k {n)V k {m)J k ^{t) = -^(e-^V'^^m, f ) 

fe=0 mod 2 V 

t '" 00 



V uK+1 {n)V U K+i{m)h{u)e luv du dv). 



Using the integral definition of V k (n) we have 

2.15) W K {n,m,v) = / / G(y)G(x) — 

(2tti) 2 7 (il2) y x m x nv 



for any A%, A2 > 0. By integrating by parts several times and Stirling's formula we 
have for = A 2 , \y\ < K e , %l{x) = A t and \x\ < that 

(2.16) 



e luv du 



T(^lK+\) Y{y/^K+l) y/2l 

(l + \x\ + \y\) B K A ^ 

< ^B,A 1 ,A 2 5 > 

V 

for any B > 0. This together with the fact that G{y) decreases exponentially as 
3(y) — > 00 implies 

(2.17) W K (n,m,v) « b> a i ,a 2 (f ) Al (£)^" B - 

Thus W is essentially supported on n < K 1+e , m < K 1+e , and v < K e . Similarly 
by integrating by parts, the error in (|2.14|) is 



(2.18) °^A-hQ 



/ t /K 
n J \m 



for any A%, A2 > 0. In applications t will be bounded by a power of K and so this 
error term essentially only appears when n < K 1+e and m < K 1+e . 
In combination with (|2.7[) we have 

(2.19) W K (n,m,v) = W{% ,f ,v) + 0(K~ 1+t ), 

where we define for real £1 > and £2 > 0, 

(2.20) 

W&,&,v) = I [ G(y)G(x) C{1 + 2y) C(1 + 2x \ -y^h x+y {v)dydx 

(2m) 2 J [Al) J [M) y x 

and 

(2.21) h z {v) = j°° ^^u z ' 2 e mv du, 

JO \2lIU 

for a complex number z. By integration by parts we have 

(2.22) H z (v) «r Wj b (1 + \z\) B v~ B 
and 

(2.23) Wfo.^t;) «b,a 1) a 2 ^ Al ^ M v- B , 
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for Ai,A 2 > and B > 0. 
Similarly we have 

(2.24) J2 2i k h(^-)v k (n)J k - 1 (t) = ijfr^Rr^ £)) 

fc=0mod2 ^ * 

where W K (n, v) = f n °° y ^- + iWMv^) e » w ^ &nd A > q We have 

(2.25) Wjc(n,t;) «a,b (f )^ B 
for any A > and £? > 0. 

2.7. Kloosterman sums. We will use Weil's bound for the Kloosterman sum, 

(2.26) \S(n,m,c)\ < d{c)c^ (n,m, c)%, 
and the average bound which follows from this, 

(2.27) Yl \S{n 2 ,m 2 7 c)\ < c^ +e J] (n 2 , c)^ < c^ +£ ^ ^ a«ic^ e . 

n<:r n<x a\c n<x 

(n,c)— a 

2.8. Proof of Theorem 12. li Using the approximate functional equation and the 
Petersson trace formula we get that the first twisted moment is 

(2.28) 

E K^)E' i ^(isym 2 / )a/ (r 2 ) 

k=0 mod 2 /Si?* 



2^_ fc hr;h7r + E 2 ™ — - — -M— J-^r 



2 

fc=0 mod 2 n,c>l 



Estimating Vfc(r) using (|2.6[) and using (|2.24[) we get that (12.28)) equals, 
(2.29) 

fk - 1 \ log(fc/r) + C + 0{r/K) 



fe=0 mod 2 



^E^ E 9(e(-l/8)-=L=e(2nr/c) C) Wfr (*, fe)) 



|S(n 2 ,r 2 ,c)| /JT\* 



for any ^4 > 0. In the third line of (|2.29p . the sum can be restricted to n < K 1+e 
with an error of 0(K~ 10 ). By the bound (|2 . 25[) on Wk> the sums in the second 
line can be restricted to n < K 1+<i and c < nr/K 2 ~ e , with an error of 0(K~ W ). 
Then using Weil's bound for the Kloosterman sum, we find that the last two lines 
of (I2~29l) are bounded by 0(r ? K e ). The error in the first line of (|2.29|) is also 
0(r^K e ). Finally for the main term, note that by Poisson summation we have 

(2.30) J2 K^r) = Y h{0) + 0b ^ b ^ 

k=0 mod 2 
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for any B > 0, where h denotes the Fourier transform of h. Writing log A: = 
log(^-K) + Oik -1 ) and using (|2.30|) the proof is complete. 

3. The second twisted moment 

In this section we find the second moment of £(i,sym 2 /) twisted by a Fourier 
cocffiecient a/(r 2 ) on average over k. This will yield the second mollified moment. 
Interesting features make this computation natural and simple. 

Theorem 3.1. For any positive integer d, write d = d\d\ with d\ square-free. For 
r < K 1 ~ e we have 

E h(^-)Y^ l L{\,sym^ffa f ^) = 

k=0 mod 2 f£H k 

if 1 f°° , . , / 1 , 2 uK , uKd 2 1 , 3 uK / uK\ 

Tr^TTjo h{U) ^ l ° S ^ l0g ^--T^ l0g d^ + H^d^) 

air'* 

uKdo „ /, uK \\ , . i \ 

\— log -Pi log — — ))du + 0(r*K € ). 

r \ d\d-2,J J 

where Pi is a polynomial of degree i and we write log 1 x = (log a;) 1 . 
We will need the following results. 

3.2. Sum of Kloosterman sums. We will need the following sum of twisted 
Kloosterman sums. 

Lemma 3.3. Suppose n,b,d and r are positive integers with r < i"T 1_e . We have 
(3.1) 5 (™ 2 ' ^ c)e(2n6/c)n- 1 !F(f , fe) 

n>l 

= U(c)c-i £„>i n^Wi* , £^ b ) + O(K- W0 ) if cis a square, 
\0(K- WO ) otherwise. 

Proof. We have 

£ S(n 2 , h\ c)e(2nb/c)n- 1 W(f , % , 

n>l 

(3.2) 

= S{a\b\c)e{2ab/c) £ n^Wft, 



a mod c n>l 

n=a mod c 



We first deal with the inner sum above. We assume throughout this proof that 
b < rK l+e / 4 < K 2 ~ c / 2 and c < nbK~ 2+e / 4 < K 1 -^ 2 , since otherwise both sides of 
(|3~Tj) would be of size O{K~ W0 ). This follows by the bound (T2T2"3"|) . Using definition 
(|2.20l) and integration by parts we have have the following bound on the derivatives 
of W for £ > 0: 

(3-3) ^) <i,A,B r J - A ® 

for any 4 > 0, 5 > and integer j > 0. We extend the definition of W(£, 

to all real numbers £ by setting W(£, gf|j) = for £ < 0; by the bound just 
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shown this is still a smooth function of £. Now by Poisson summation we have that 
the inner sum of (13. 2j) equals 



/ , 11 vy IjC rK' 8nnb> 
n=a mod c 

1 r°° 

(3-4) =~X r 1 ^,H,^)e^"e^»^. 

n J oo 

By integrating by parts j times and using (|3.3p we find that for \n\ ^ we have 

/oo 
-oo 

Since 6 < K 2 ~ e / 2 , the above is of size 0(|tt,| — 2 i4T — 10 °) by taking j large enough. 
Thus only the n — term is significant and (|3.4[) equals 

(3.6) 

1 /* oo i 
CJ -°° n>l 

by Poisson summation again. 

As for the outer sum of (|3.2[) . opening the Kloosterman sum we have 

(3-7) 

£ S(a 2 ,6 2 ,c) e (2a6/ C ) = £ e ( g!l±j^±^ ) 

a mod c a. 7 mod c 

(7,c)=l 

- £ «(^) - £ «(£) = £ '.(A 

a, 7 mod c a, 7 mod c a mod c 

(7,c)=l (7,c) = 1 

where r c (a 2 ) is a Ramanujan sum and 77 = 1 mod c. We get the last line above by 
replacing a by 07, then a by a - b. Since r c (n) = ^(j^)4>( c )/4'( 7^))i we nave 
that the sum of Ramanujan sums in (|3.7|) is 



a mod c 

fc 



This is multiplicative in c, and so we can assume c to be a prime power p . Let 
ordp(a) denote the highest power of p dividing a. If k is even, /x( ( a s c ) ) = if 

ordp(a) < fc/2, while otherwise m( ( a f c ) )/<ft( ( a £ c ) ) = 1- So if fe is even, (|3.8p equals 
<f)(c)p k /p k / 2 = <f>(c)y/c. For k odd, if ord p (a) < (k - l)/2 then ju(^fj)) = 0, 
if ordp(a) = (fc - l)/2 then = "^h" > and if ord p (a) > (k - 

l)/2 then M ( I -f- J )/0( I -f- J ) = 1 ! So if k is odd, @D equals 0(c)p fc /P (fc+1)/2 " 
0( c )^(p*/p(fc-i)/2 _p*/p(k+l)/2) = 0. □ 

3.4. A Mellin transform. Denote by / the Mellin transform of a function /. 
Lemma 3.5. For < SR(s) < 1, we Ziawe 

(3.9) M*)= /° ^^u z/2 - s r(s)(cos(sV2) + isin(s7r/2))du 
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T 



v s 1 ; — =.'/- 



and the bound H z (s) -CgM^) (1 + M) 3 | s l 2 ■ For < c < 1 we have 

(3.10) h z (v) = ^~. ! v- s h z (s)ds. 

2™ J (c) 

Proof. We have the Mellin transform J °° v s ~ 1 e lv dv = T{s)e i7TS ' 2 for < 3fc(s) < 1. 
Thus since h is compactly supported on (0, oo) we have 

(3.11) 

h ^0u'/ 2 e^dudv = r ^0u^(u- s T( S )e^/ 2 + o s (l))du 

/2-KU Jo \2lTU 

as T — > oo. This gives Q3.9p . By Stirling's approximation we have T(s)e l7TS ^ 2 <C |s| 
for < < 1. So on integrating by parts the expression (|3.9[) we get 

(3.12) (l + k|) 3 |s|- 2 . 

By the bound (|2.22p we have that J °° v s ~ 1 h z (v)dv converges absolutely, so that 
(|3.10p follows by Mellin inversion. □ 

3.6. Proof of Theorem l3.lt the diagonal. Recall the Hecke multiplicative prop- 
erty 

(3.13) a f (m 2 )a f (r 2 ) = £ a f (m 2 r 2 /d 2 ). 

d\(m 2 ,r 2 ) 

Using the approximate functional equation and the Petersson trace formula, we get 
that the twisted second moment is 

E *fir)E* L (hsy m 2 f) 2 a f (r 2 ) 

k=0 mod 2 fEH k 

(3.14) 

-* E K^)E E £ 5B»w»ww 



fc=0 mod 2 ' m>l d|(r 2 ,m 2 ) n>l 

n— mr / d 



+4 ^ K¥) E E 2 7 ri^^' m ; /d ' cj j fe _ 1 (^ 

fc=0 mod 2 n,m>l d\(r 2 ,m 2 ) 

V k (n)V k (m) 

x ^ . 

\Jrim 

Write d = did?,, with di square-free, and note that d\m 2 if and only if did2\m. Thus 
we may replace m above by md\d2 and get that (|3 . 14[) equals 

(3.15) 

= 4 J2 h (cir) E E — W=V fc (mr/da)7 fc Micfc) 

fc=0 mod 2 d|r 2 m>l V 1 

(3-16) 

'fe — 1\^-^ v ^ . k S(n 2 ,m 2 r 2 /d 2 ,c) I Airnmr / 'd2 



4 



E HV)E E w *" '"J /a2 ' c) ^-( ; ,. 

/c— mod 2 <i|r 2 c,n,m>l 

Vfc(n)^(mrf]j2) 

X . 

V nvad\di 
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We first evaluate line (13. 15ft . the diagonal contribution to the second moment, 
and turn to the off-diagonal part (|3.16j) in the next section. We have using (|2.7|) . 

y V k {mr / d 2 )V k (md 1 d 2 ) 

m>] 

(3.17) 



TO 

m> 1 



G(x)G(y)gi + 2x)C(l + 2y) fc*+« 
(2ni)* J (e) J {e) xy (r/d 2 r( dl d 2 )y al + X + V)dXdy 

+ 0{K~ 1+e ). 

We move the line of integration $l(x) = e to 5R(a;) = — 1 + e , crossing a double pole 
at x — and a simple pole at x = —y. The integral on the new line is <C rK~ 1+t . 
Thus since C(l + 2x)/x = l/{2x 2 ) + j/x + ... we get that (|3J7j) is 

(3.18) 
(3.19) 

1 f G(-y)G(y)C(l-2y)ai + 2y)r»_ dy + 0(rK _ 1+e) 



2ni J (t) -y 2 dv 

Now we move the line of integration in (|3 . 1 8|) to 5R(y) = — 1 + e, crossing a pole 
of order 4 at y = 0. The integral on the new line is <§; (K / did 2 )~ 1+e . From the 
residue at the pole we find that (|3.18|) equals 

(3.20) 

1 / , k \ 2 , kd 2 1 / fc \ 3 /, k \ , kd 2 ( , fc 

8( bg ^) l0 ^-2i( 10 ^) +2P2 ( l0 ^) +21 °^ Pl ( l0g ^ 



d 2 

1+^ 



where Pi is a polynomial of degree i. Inserting (|3.20|) into (|3.15[) and averaging over 
k using (|2.30p gives the main term of Theorem 13.11 

Inserting (|3.19|) into (|3 . 15|) gives that the contribution of this term to the diagonal 

is 

(m) =^k°)± I gi^MlhMlM ^;^^,^.). 

Jr 2m J ^ y z TT^ V rf i « 



d\r 2 

We will see that this cancels out with the off-diagonal! Note that the integrand is 
an even function of y. One can check that X^|r 2 (Ih * s even by observing that it 
is multiplicative in r and then checking that it is even for r equal to a prime power. 

3.7. Proof of Theorem I3.lt the off-diagonal. In this section we evaluate line 
(l3~Toj) . By ([2~T4]) we have that f3~TB|) equals 

(3.22) 

_ y y S(n>,mV/d},c) / e (2»mr/ofe-l/8) ( ^ igV^ 



2 



i|r 2 n,m,c> 1 

rflr 2 n,m,c>l 
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The error term above is 0{rK 1+e ) by restricting the summation to n, m < K 1+e 
and using Weil's bound for the Kloosterman sum. The main term equals by (|2.17|) . 
(gHUl and 1(233)1 . 



(3.23) 

rf|r 2 n,m,c>l 

' K '^ V- V- |S(n 2 ,m 2 r 2 /d 2 ,c)| 



— £ ^^ ,c) e(2nmr/cd2 - 1/8)w( ^^^ ) 



E E 



/r * — , <. — , l — , nm-Jc 

d\r 2 n,m<K x + tL c<nmr / if 2_e 



The error above is 0(rzK e ) using Weil's bound on the Kloosterman sum. Now 
using Lemma 13.31 (with b — mr/d2 and d = did?,) we get that the main term of 
flglgg)) is, up to an error of 0{R- m ), 



(3-24) -^3(e(-l/8)£-i= £ ^^(#>^fS)> 



-Vw„, 1 '°)V — v 0(c2) 1 

d\r 2 ^ c,n,m>l 

The point here is the 'completion of the square' which we saw in (|3.7p . This feature 
also appears in [5] and [7]. Note that the condition r < K of Lemma T3. 31 is the 
real limitation to the length of our mollifier. 
We have by Lemma |3"31 that 

(3.25) 

(Zm) J (1) J (1) J (l- e ) V x 

K\v / X \ x ( 8nnmr \ s 



n ) \md 



Inserting this into (|3.24|) and exchanging orders of summation and integration freely 
by absolute convergence we get that (|3.24[) equals 

(3.26) 

V? 7 V (2my J (1 _ e) J (1) J (1) y x K 2s 

x C(l + x - s)C(l + y- s)C(2s)C(2s + l)" 1 ^^) E rl x J+s ^- dydxds) , 

d | r 2«l d 2 Vffll 

where we used that ((2s)((2s + 1) _1 = J2 c >i ^ or ^( s ) > §■ Now we move 
the lines of integration dt(x) = !ft(y) = 1 to &(x) — 3?(y) = e, crossing simple poles 
at y = s and x = s. On the new lines \K X - S \ < if- 1+e , \K y ~ s \ < if- 1+e , so the 
contribution to (|3.26[) of the new integrals is 0(r^K e ). Thus from the poles we get 
that (|3.26p equals 

(3.27) 

_ VW e (_i/8) -L / (8^) S G( S ) 2 C(1+ 2 25)2 C(2 S )C(2 S + l)" 1 ^) 

\JT V ^7T* ./(i_ e ) S 



V ^-^ds ) + Ofr 2 iT 
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Using Lemma [3751 the main term of (|3.27|) equals 
- K 2 ^U- m ± r [ (B^gW 2 C(l + 2 g )C(2.s)MVg r(s) 



x (cos(^) + isin(^))^^= ^dsdu 

d\r 2 ^ 



(3.28) 

k 2 -4 r *P*u J- / ^) s ^) 2 ca+2 S )c(2 S) _ 

/27TU 27TZ J(l_ e ) 

x > -^=— c(s. 



We will see by the functional equation of ((s) that the integrand above is an even 
function of s. In fact (|3.28[) exactly cancels out with (|3.21[) . This is another feature 
of the moment calculation. 

We have -20F J °° 73= = ~2^/2h{0), so to show that (|3~28]) and (|3~2Tj) 
cancel we need to show that (8ir) s ((2s)G(s)T(s) sin(^ - § ) = --^=C(l-2s)G(-s). 
By the functional equation of £(s) and the duplication formula of T(s) we have 

(3.29) 

r( s )c(2 S ) = 7r 2 ^r(i - S )c(i - 2s) = 2-*- V-^d - §)r(§ - f)c(i - 2*). 

By the definition of G(s) given in Lemma HOI and the reflection formula of T(s) we 
have 

(3.30) G (s) sm(- - 4 ) _ r(|) - r ( |)r ( i - 1) • 

Combining and P73U)) gives the required formula for (8n) s ((2s)G(s)T(s) sin(^ 

- -) 



4. Optimizing the mollifier 

In the previous sections we found the first and second moments of L(^,sym 2 /) 
twisted by the Fourier coefficient a/(r 2 ). These immediately lead to the moments of 
.L(^,sym 2 /) times the mollifier M(f) = ^2 r cif(r 2 )x r r~^ . Here x r are coefficients 
to be determined with x r — for r < or r > M, where M — K a for some constant 
a > also to be determined. Also suppose that x r <§C M e as this will be the case 
once choices are made. In this chapter we choose a mollifier that maximizes the 
proportion of non-vanishing of L(i,sym 2 /) given by (|I.19p . We shall see that this 
boils down to a problem of minimizing a quadratic form in the x r with a linear 
constraint. By Theorem 12.11 we have the first mollified moment, a linear form in 

(4-D M 1= £ M^E' 1 ^(iBym 2 /)£^ a/ (r 2 ) 

A;=0 mod 2 /£Hfe r ^ 

= -V- /i(u)(log(u/f/r) + C)du + 0(MK e ). 
2 V r Jo 
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Using the Hecke relation ()3.13|) we have the second mollified moment, a quadratic 
form in x r : 



E MV)E^(i^ 2 /) 2 (E^/( r 2 ' 



(4.2) 

12 = 

fe=0 mod 2 " feHk 

- E M^)E^(iW/) 2 EE E x -^S= a f{^)- 

fc=0mod2 /6Hfc a>le|a 2 r i > r 2 V 

(ri,r2)=l 

2 -i 1 

Above riT2a < if 1-6 if M < if" 6 . Thus under this condition we have by Theorem 

! Q 2 riT2 



(4.3) m 2 = |EE E wc 2 ^<^) + o(M*in 



a e| a 2 ri,r 2 

(ri,r 2 )=l 

where 
(4.4) 

„, , 1 f°° , , x / 1 , ? u ^ , wifd2 1 , o wif „ „ / , uif \ 

ri Vc?i Jo V2 ai rf 2 r 6 did 2 V d 1 d 2 ' 

d\r z 

uKd 2 / , uK \ \ , 
+ 21 0g ^P 1 (log^-))^ 

and Pi arc degree i polynomials as in Theorem 13.11 We see from this that the 
longest length of mollifier we are able to take is M — if 2~ c and hence we make the 
restriction a < i. Define a multiplicative function 

(4.5) i^W), 

d\n z f\n 

where in the second sum d is the divisor function. Note that r(p) = 2+p~ 5 ; so that 
t behaves roughly like the divisor function. Since S(r) is roughly of size (log if) 3 
for r < if 1_e , we expect M. 2 to be roughly of size 



(4.6) if(logif) 3 ££ £ -^(— 

z — / z — / a nr 2 V e / 



e | a 2 n,r a 
(ri,ra)=l 



We will make a choice of x r based on this quadratic form; one that maximizes the 
ratio of M\ to (|4.6p . under the assumption that x r is supported on square-free r. 
The form of our mollifier and this last assumption are reasonable from the Eulcr 
product (|1.3[) and the expectation that the mollifier will mimic a multiple of the 
inverse of L(i,sym 2 /). For this choice we will find that .Mi x if (log if) 3 and 
M 2 x if (log if) 6 , and we'll get that 

fe=0 mod 2 feH k 



Thus together with observation (|1.19p the main theorem will follow. 
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4.1. Change of variables. We simplify the problem by diagonalizing the qua- 
dratic form (|4.6|) . We assume that x r = if r is not square-free. We have 

a e|a 2 r i»~2 

(i*i } 'Ta)=l 

= EE E 2^ T( ri )T(r 2 )T(a 2 /e)x ari x ar2 

a e \a 2 r i> r 2 

(ri,r 2 ) = l 

( 4 - 8 ) = E E E r(/3) 2 r(r 1 )r(r 2 )r(a 2 /e)^r 1 ^ r2i 

where in the last line we used the Mobius function to detect the condition (n, r 2 ) = 
1. Define a change of variables 

r(r) 



(4-9) W=E^ 



Thus i/j is supported on positive square-free integers j less than or equal to M. 

This change of variables is invertible: 

(4.10) 

Ex nr T(n) ^ ^ T(d)n(d) ^ x ndr T(n) ^ y dr T{d)n{d) 
__^ M (d) = ^^— ^— — =^ , 

where we used the Mobius function to detect n = 1 in the first sum. Also define 
coefficients for positive square-free j (and otherwise set equal to zero), 

(4.ii) «,4e "(0M0 a e v^-(-) =-n( i +^--^-i 



Then we have that (|4.8|) equals 

(4-12) E 

and (|4.6[) equals i^log v jVj- This is the diagonal quadratic form that we 

will work with. For this change of variables, the linear form A4\ equals 

(4.13) Mj . = ^^'£u s y j +0{M i K% 

3 

where the coefficients are 

1 1 f°° 

(4.14) Uj = A*(»)T(n) / h(u)(log(uK/r) + C)du. 

h(0) J nr=] Jo 

For square-free j we have 

(4.15) uj = - J2rin)T(n)log(Kn/j) + 0(fV,(j)), 

where we define for positive square- free j (and otherwise set equal to zero), 

(4.16) M*o')=E' u ( n M n ) = n(- 1 -^ 

n\j p\j V 
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As the notation suggests, /z* behaves roughly like /i. Now, 

K n ) T ( n ) log{Kn/j) = log K - ^2 K n ) T ( n ) lo & p 

n\j n\j p \± 

= (i) log k - Y iogp E ^( n ) T (") = (i) lo s A ' ~ CO E ~tt 

p|j n|i p|j M * W 

= M *(j)logX - /x*0') 2logp(-l + 0(p-*)) 
p|j 

(4.17) = log(Xj) + 0(JJ(1 +p-^ +e ) 

p|j 

Thus 

(4.18) Uj = f^M log(Kj) + Ofj- 1 H(l +p-i 

p\j 

With this change of variables we can easily determine the optimum choice for yj . 
By the Cauchy-Schwarz inequality we have, 

(4.«) (2>i&)" - (E^^) 2 s (5>»?)(£f )■ 

Thus (y^ ■ UjUj) 2 / v j¥j obtains its upper bound when 

(4.20) u, = X 

Set yj to this value henceforth and note that yj <C log K. 
4.2. Evaluating A^i. For the choice made in (|4.20[) we have 

Mi = hm y -1 

2 ^ v< 

j<M J 

( 4.21) = ^ J2 ^^(Kj)+o(Kio g K Y r'U^+p-^)- 

j<M 3 Vj ' j<M p\j 

The error is 0(K log 2 K). We have that 

(4 22) MP) 2 _ 1 + 2^-Up- 1 _ 1 _ 1 



after a nice simplification. Now it is well known that 

(4.23) E^=E§T- l0 ^ + °W- 

Indeed, we have that p = IIp(l+P~ (1+s) +P~ (2+s) + . . .) - C{s+l)F{s), 

where F(s) is analytic and absolutely convergent for 3?(s) > — | and F(0) = 1. 
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By partial summation we get 

Mi = h^K £ fuVl log2(Kj) + Q{Klog2 K) 



j<M 

log 2 (if Ai) log M - Yl ( 1 °S 2 (K(J + 1)) - log 2 (^j)) log j 



+ (K log 2 K) 

(4.24) ~fe(0)Xlog 3 ir a(3 + 3 6 a + a2) . 

4.3. Evaluating M.2- Expanding the logarithms in the definition of S(rir2Ct 2 /e), 
we see that M2 is a sum of terms proportional to 

(4.25) KdozKrYT V ^M°Ve)'i ^ (Wdogd^ 



(ri,r 2 )=l 

(logrir 2 ) u ( y /i(-u)(logu) l5 dw^a; Q;r . 1 a; Qr2 , 

where «0j ■ ■ ■ , *5 are non-negative integers with io + . . . + i% = 3, i± < 1 and £4 < 1. 
We show in this section that (|4.25p is of size if(logif) 6 when io + i-3 + H = 3. In 
the next section we will see that it is bounded by if (log if) 5 otherwise. Thus in 
this section we want to evaluate the quadratic form, 

(4.26) 

KhjO) ^^ Vg x ^ (1 2 if Kd 2 I, 3 K\ 

9 Z^Z^ 1^ ~2 2_> lo 10g X l0g R l0g -r) X ar 1 X a r 2 , 

a e | Q 2 n.ra 1 2 d |rfr?a4/ e 2 2 12 2 

(ri,r 2 )=l 

for the choice made in (|4.20[> . We have 
(4.27) 

1 log 2 ^ log - i log 3 ^ =i log 3 if - ^ log 2 if log 7*1 r 2 + log if log nr 2 log d 2 

2 a,2 T\r 2 6 « 2 3 z 

2 1 
- log if log 2 d 2 + - log 3 d 2 - - log rir 2 log 2 rf 2 , 

and we evaluate the contribution of each of these terms one by one. 

• The contribution of the log 3 if term of P~2T]) to P~2"6"|) is 

(4 . 28) *M ElwJ . 'sm E i „ i(o )gl o g - g °' 3+ ^ + ° 2 » , 

by the same calculations as for the evaluation of M. i . 

• The contribution of the log 2 if log rir 2 term of (|4.27)1 to (|4.26p is 

-h(0)K log 2 if ^ ^ y/e (r 1 r 2 a 2 \ 

a 1^1^ Z_v ~2 T V log rir 2 x Qri x Qr2 

a e|a 2 r i. r 2 1 z 

(i , l,r 2 ) = l 

(4.29) ^ -MO)^log^ EE E ^ r (!l^) log(ri)Xari ^ 2 , 

a e|a 2 >i! r 2 

(ri,r 2 )=l 
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by symmetry. Using the Mobius function to detect (n,r2) = 1 this equals 
-h(0)K\og 2 / x(/3)r(/?) 2 yir(a 2 /e) ^ r(n)r(r 2 ) log^n) 



2 „ Ti a /3 r l r 2 

a,/3 e|a 2 ri,ra 

(4.30) 

-^(O^log 2 ^ ^ v^r^log^x) 



I] E ■ 



ri 



-h{0)K\og 2 K 



E (t^)5 m/W) 2 ^iog /?E^ r ( a2 / e ))^ 

a,/3 e|a 2 



in terms of the new variables y^. Using that a 2 J2 e \a 2 v / e T ( Q;2 / e ) ^ a + 
p~2+ e ) and the bound yj <C log if, we have that the second line of (|4.30p is 
0(\og 5 K). 

Let Aj-(n) = Yldln M^X-^S §) J f° r J > be the generalized von Mangoldt 
function. Thus Ao(l) = 1 and Ao(n) = for n > 2, and Ai(n) is the usual 
von Mangoldt function A(n) supported on prime powers. The function Aj(n) 
is supported on integers n having at most j distinct prime factors and satisfies 
Aj(n) «, QognP, £„< x A^/n «j ( lo g^ and ( lo S™) J = E^A^d). We also 
have Aj(nm) = Eo<i<j (i) Ai(n)Aj_j(m) for coprime integers n and m. Writing 
logn = E&|n A ( & )> nrst term 01 (jHOl) is 



-ft(0)if log 2 K v-^ v-^ A(&)r(6) 



6 

j 6 



-/i(0)Xlog 2 ^ ^ M,(j) 2 x - A(b)r(6) ^(6) 
(4.31) = ^ ^ — — log(^)log(^6) 

3<M J 3 b<M/j 

+ 0(K log 5 K), 

on substituting the value Uj/vj of t/j and using (|4~T7l) . As the sum above is restricted 
to prime values of b, we can remove the condition (b,j) = 1 since otherwise b\j and 
the contribution of such terms is <C K log 5 K. The above sum can be evaluated by 
partial summation. Recall that = ^jy behaves like 4 on average, and for 

prime b, r(b) = 2 + jtx*(6) = — 1 — b~^ and 6vt = 1 + 0(b~i). Using the prime 
number theorem we get that ()4.3ip is 



h(0)K\og 2 K ^ m*(j) 2 



3<M 

(4.32) 

by partial summation. 



E ^2^ ( - 2 lQ g( M /i) l°g 2 (^) - log 2 (M/j) \og{Kj) 
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• The contribution of the log if log nr 2 log d 2 term of (|4~27]) to ([426]) is 
(4.33) h(0)K\ogKy2J2 E -T^-( E ^)logn War2 . 



a e | Q 2 n.ra - dlr-V^Ve 2 A ' 

Note that 
(4.34) 

log' rfi log J d 2 = ^ M(/) 2 W / ^ log j e = ^ ^ fi(a) 2 Ai(a)A 3 (b) _f v 



d|n 2 v 1 f\n v J e|4 o|n 6| f V 

Using this we get 
(4.35) 

E H=T={ £A(c)T(n/ C )) Kr 2 )r( a 2 /e) + r(n) ( E A(c)r(r 2 / C )) r(a 2 / e ) 



d\r\r\a. A I e 2 - c\r\ c\r2 

+ r(ri)r(r 2 )( E A(c)r(a 2 /ec)) . 

c|a 2 /e 

Thus ([USD is 
(4.36) 

ft.(0)jK" log if 

eT(P) 2 /j(P)T(a 2 / e) A(c) ^ x af 3 cri x a( 3r 2 T(ri)T(r 2 ) log(c/3ri) 



x 



VZ^Z^Z^ a 2« 2 Z^ 



a,/3 e|a 2 c ^ >"i,r 2 1 * 

cfr 2 

y / er(/3) 2 /j(/3)r(q 2 /e) A(c) £ a/3ri z a/3cT . 2 T(ri)T(r 2 ) log(^ri) 

Z^ Z^ Z^ 0,2/32 c r r 

a,/3 e|a 2 c M ri,r 2 1 ^ 

+ h/triPf viP) ^ A(c)r(a 2 /ec)) ^nZa^MTfo) jogQfri) 

In terms of the new variables j/j , the first two lines of (|4.36|) contribute 

A(c)logc v> A(c) A(6)r(6) 



Mo)ifi og ifE^(E^^ c ^+E 



c c 

6 

A(c) A(6)r(6) 



-2/chjyj 



(4.37) 

M*(i) 2 / A 2 (c)/j*(c) 



Mo)in og if E^( E lcJMcj iog(gic)iog(jfj) 

j<M J 3 c<M/j 

A(c)A(b)r(6) fx*(cb) 
+ E 5 — log(iOc&)log(iO) 

bc<M/j 

+ E A(c)A i 6)T(&) ^ (c) ^ (6) log(^c)log(^)). 
"■—*', co cv c bvb / 

c<M/j 
&<M/i 
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By the prime number theorem this is 
(4.38) 



h(0)K log K E ^r 1 - ( - 5 log 2 (M/ j) log 2 (K j) - - log 3 (M/j) log(Kj) 



1*1)4 

j<M J 3 

+ 2(log(M/j) log(ifj) + i log 2 (Af//j)) 2 

+ log 2 (Af//j) log 2 (IT?) + ~ log* (M/j) log(Kj) 

We will evaluate (|4.38|) by partial summation after combining it with (|4.43[) . the 
contribution of the log if log 2 di term. As for the third line of (|4. 36[) . we have 

(4-39) E4 E A (cM a 2 / ec) = lE^ E ^« 1 n( 1 +^^)- 
* — ' or z — ' a L — ' Jc f — ' we a - L - L 

e|a 2 c|a 2 /e c|a 2 e|a 2 /c p|a 

So the contribution of the third line is O (K log 5 K). 

• The contribution of the log K log 2 d 2 term of (|4~27|) to (j4~26j) is 



a n ro V ^— ' vdi 

a e|a 2 (r . r ^.' I ?_ 1 d|r 2 r 2 Q 4 /e 2 



We have 
(4.41) 



log 2 d 2 



= E ^(E A ^ c M^/ c ))(E A i( c )^/c))( E A fc (c)r(a 2 /ec)), 

i+j+k—2 c\r\ c\r2 c\a 2 /e 

i,j,k>0 

for some coefficients a^fe, with ano = 2. Only the term with i = j = 1 and fc = 
of this expansion is significant. Showing that the contribution to (|4.40p of any term 
with fc > 1 is 0(K log 5 K) is very similar to how we showed that third term of 
(|4.36[1 is small. This leaves us to consider the contribution of the term with i = 2 
and j = k = 0. This is less than 

(4.42) 

K log K E Vj E + 0(# log 5 K) 

3 c 



«^io g KE^^ E — lp g(^ c ) lp g(^) + °(^ lo g 5 

< i^log 5 if, 



j<M J J c<M/j 



where the last step follows by the estimate J2c<x ^LsliiiLsi logs. To see this 
estimate, note that for prime values of c the sum is ^2 p<x ~^°^ p ^ (1 + 0(-i=)) = 
— i(loga;) 2 + O(logx) by the prime number theorem, and for c a product of two 
distinct primes the sum is £ M < a 2 ^2M (i + ( i + i )) = I (log a;) 2 + 0(logz). 
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Thus fll2Ql) is 



-h{0)KlogK y-^ Cs^ A ( c ) 



E^(E 



2 ^ J V^- c 



j<M - 1 J c<M/j 



(4.43) ~ -ft(0)inog# V (]og(M/j) log(Kj) + \ log 2 (M/j) 



We combine this with the contribution of the previous calculation. The sum of 
(l4~4Till and (f4738|) is 



h(0)K logK V ^L(^i g 2 (M/j)log 2 (^) + llog 3 (M/j)log(^j) + jlog 4 (M/j) 
(4.44) 

• The contribution of the log 3 d 2 term of ([4~27ll to (|4~26|) is 
h(0)K \ - \- \- Ve / lo S 3 d 2 



( 4.45) -^yjv: £ ^ £ ^ 

a e | Q 2 ri,r 2 rf|r 2 r 2 a 4 / e 2 

(ri,r 2 )=l 112 ' 

We have 
(4.46) 

E 



log 3 d 2 



^7 

= E « yfe (E A ^ c ) T (^/ c ))(E A ^ c ) T ^/c))( E A fc (c)r(a 2 / e c)). 

z+j+fc— 3 c|ri c|r2 c\a 2 / e 

i,j,k>0 

Again the contribution of terms with k > 1 is 0(K log 5 K). We have seen that 
E c <x Ai A c ' (c) < iog^- Similarly we have A3 a' (c) < (logx) 2 , by consid- 

ering the cases in which c is product of one, two or three distinct primes. Since 
every term of (|4.46[) with k = must have i > 1 or j > 1, we get that all of (|4.45[) 
is O (K log 5 if). 

• The contribution of the logrir2 log 2 d 2 term of (|4.27|) to (14.26|) is 

(4.47) E s4( E 

(n,ra)=l 112 ' 
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By the same analysis used for the previous terms, this equals 



h(0)K W V e*rQ3) W)r(a 2 /e) A(fe) A(c) 
2-^ 2-^ ^ a 2 (3 2 b c 

ot,{3 e\a? b.c 



X 



r\T2 

ri,r 2 



(4.48) ~ -M0)^EE^T^( (1Og5) ^^ + S 



A(b) A(c) . v^A(d)r(rf) > 



Using the definition of yj and partial summation, (|4.48[) is 



? m „ \- Mi) 2 ( sr A(b) 2 A(c) fi,(b)n,(c) 
-h{0)K > . 2 ( > r r log(bKj)\og(cKj) 



j<M J 3 b<M/j 
c<M/j 



+ E A(6)A(c)A(d)r(d) ^(c) logW)logW) 
oca bdvbdcv c 



bd<M/j 
c<M/j 



-h( )K ^ ((i log 2 (M/j) log(Kj) + 1 log 3 (M/j)) (log(M/i) log(Xj) 



+ 1 log 2 (M/j)) - ( log 2 (Af/j) log(A'j) + | log 3 (Af/j)) ( log(Af/j) log(Aj) 

+ Ilog 2 (M/i))) 



(4.49) 



4.4. Remaining terms. We are left to show that (|4.25|) is small when 10+23 + 24 < 
3. Since logrir2 = logri + logr2 we have by symmetry that (|4.25|) is bounded up 
to a constant by 



(4.50) kio^k^Y. 

a e \a 2 



v^log ll (a 2 /e) 



:|r2r|a 4 /e 2 



log 12 di log' 3 d 2 y, x ari x ar2 log* 4 r x 



ri,r 2 
(ri,r 2 )=l 



r\r 2 
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Using (|4.34|) we see that this is bounded up to a constant by 

(4.51) £ K^K^^T'^ E ^"y^ 2 

22,1+22, 2+^2, 3=22 a e\a 2 d\a 4 / e 2 1 

h, 1+23, 2+23,3=23 

\p A 2 2 ,l («l) A 22,2 («2)Ai 3 , 1 (&l)Aj 3|2 (62) 

>, ^^1. (0102)^6162 

ai,6i,o 2 ,o 2 >0 

^ T(ri)T(r 2 ) log' 4 (Qjjiri) 

/ _ 3>aaibiri%aa 2 b 2 r 2 • 

ri,r 2 
(aibir 1 ,a 2 b 2 r 2 ) = l 



r l r 2 



Using the Mobius function to detect (n , 7*2) = 1 we get 
(4.52) 

E r(ri)r(r 2 )log t4 (ai6iri) 
m m ^Qfti &iri ^aa 2 b 2 r2 

ri,r 2 
(aibiri ,a 2 b 2 r 2 ) = l 



T\ To 



r(/3) 2 ^ bg^aibiMMri) ^ 



/3 ' ri 2-2 

(a 2 &2,2-i) = l (aibi,r 2 ) = l 

Now we detect (0262,^1) = (ai^i,^) = 1 using the Mobius function again. Using 
the fact that 01,61,02 and 6 2 have at most three prime factors and the bound 
Uj -C log K, we have that (|4.52[) is bounded by a constant multiple of 

(4.53) 

t((3) 2 / u A i4 (d) 

/ , ~g2 \ [ °& K \yaa 1 b 1 (3c 2 yaa 2 b 2 Pc 1 \ + ^ \Vaa 1 b 1 fic 2 dVaa 2 b 2 0c 1 

C\\a-ib\ {3 d 
c 2 \a 2 b 2 

< log 2+J4 K. 
So (j43T|) is 

(4.54) « !Hog 2 +^+* 4 K £ ^ l0gn 2 (aVe) £ l0g!2 ^ 



a<Me\a 2 d\a 4 /e 2 ^ 1 



The inner sum is 



e\OL^ a\e z e\ot 

So (|4~54]) is < log 3+Jo+l3+44 if and we see that the terms with i + i 3 + i A < 3 
contribute only 0(i4T log 5 K). 



4.5. Completing the evaluation. We now complete the evaluation of Jv[ 2 by 
adding together the contributions of each term of (|4.27j) . The sum of ()4.28|) . (14.321) . 
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(|4.44[) . and (|4.49j) has the pleasing simplification: 

h(Q)Kloc 6 K( a{3 + 3a + a2) + fl2 ( 2 + fl ) 2 + « 3 (6 + 7« + 2a 2 ) a 4 (3 + 2 a ) 2 x 
1 ' g V 18 8 12 72 J 

(4.56) 

= h(0)Klo g °K< 1 + a ^l + 3a + a2 \ 

4.6. Proportion of non- vanishing. Combining the evaluations of M.\ and M.2, 
we get for a < ^ that 

(4.57) 

M 2 (h(0)K\og 3 K 



.3 jr^ a(3+3a+a 2 ) 
6 



M 2 /i(0)i^log 6 ^ a(1+a)3( 1 3 + 3a+a2) 



(1 + a) 3 / 2 V (1 + a) 3 /, „^,„ V X / 4ri, 



k=0 mod 2 /G-fffc 



Acknowledgements. I am grateful to Prof. K. Soundararajan for posing this 
problem and for many helpful discussions. 
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